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Due to some results by John P. D’Angelo and Dusty Grundmeier about CR- mappings the main 
results of my 2001 paper about recurrences for some sequences of binomial sums can be simplified. 
 
1. Introduction 
 
The main result of my paper [1] is 
 
Lemma 1 
For each pair of integers 1, 1n m   there exist uniquely determined integers ( , , )a n m j  such that 
 
1
( 1)
( 1)1 1
( 1) ( , , )( 1) 1 ( 1) .
kn
mm
n kn mj j m n n
k nk j
m
x a n m j x x x
      
     
        (1.1) 
  
To formulate (1.1) in a more succinct way define polynomials ( , , , )kp n m x s by 
 1
1
( , , , ) ( , , )
n
m
n n mj j
j
p n m x s x a n m j x s
    

   (1.2) 
and 
 
( 1)1
( , , , ) ( , , )
kn
m
kn mj j
k
k nj
m
p n m x s a n m j x s
    
    
   (1.3) 
for 1.n   
 
Then (1.1) becomes for 2m   
 
 
1
( 1)
1
( , , 1, ) 1 ( 1) .
m
m n n
k
k
p n m x x x
 

     (1.4) 
 
Attention: To make some formulae more elegant we define ( , , , )kp n m x s  also for 0n   as 
1(0, , , ) ( 1) .kk
m
p m x s
k
        Then e.g. (1.4) remains true for 
0.n  But in some cases we need that  
1( , , , )p n m x s  takes the value 1  for 0.n   To this end we define polynomials 1( , , , )p n m x s  by 
1 1( , , , ) ( , , , )p n m x s p n m x s  for 1n   and 1(0, , , ) 1.p m x s   
 
 
It is remarkable that the same sort of polynomials occurred independently in the study of certain CR 
mappings in the theory of several complex variables. 
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In 2004 John P. D’Angelo [3] defined polynomials , ( , )n mf x s , which will be called “invariant 
polynomials”, by 
  1,
0
( , ) 1 1
n
j mj
n m
j
f x s x s 

     (1.5) 
where   denotes a primitive n  th root of unity. (In fact he used a slightly different notation). 
He showed that , ( , )n mf x s is the unique polynomial ( , )f x s satisfying 
1) (0,0) 0f   
2) ( , ) 1f x s   when 1x s   
3) deg f n  
4) the invariance property ( , ) ( , )mf x s f x s    for all x  and .s  
A polynomial ( , )m x s has weight k  if ( , ) ( , ).m knm x s m x s     
 
This characterization shows that  
 ,
1
( , ) ( , , , ).
m
n m k
k
f x s p n m x s

   (1.6) 
 
For 1) and 3) are obvious from the definition. Condition 2) is (1.4) if we define 
( 1)( , , , ) ( 1) .m n nmp n m x s s
    
The polynomials ( , , , )kp n m x s have weight k  for each k  and therefore 4) is also satisfied. 
 
In this note I want to give a simpler approach to my paper [1] taking into account these results. 
 
 
 
2. A direct approach for small m  
 
Let us first make some general observations about (1.1). 
Let us assume that there exists a solution   1( , , ) nja n m j  of the equation 
( 1)1 1
( 1) ( , , )( 1) 1 0.
kn
mm
n kn mj j
k nk j
m
x a n m j x x
    
     
       
Then all coefficients of the left-hand side must vanish. This is equivalent with 
0
mod
( , , ) 0
k
j
n mj n
a n m j
k k j
            
for 1 .k n   
This means that 
 
1
1
mod
( , , ) ( , , )
k
j
n mj n
a n m k a n m j
k k j


             (2.1) 
 
with initial value  
  ( , ,1) .a n m n    (2.2) 
 
In particular we see that all coefficients ( , , )a n m j  are integers. 
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a) For 1m  we get the trivial identity  
0
1 ( 1 ) ( 1) ( 1) .
n
n j n j j
j
n
x x x x
j


          
In this case the table  ( ,1, )a n j  consists of binomial coefficients 
 
Here we have  
  1
0
( ,1, , ) ( ) ( 1) .
n
n k k n k
k
n
p n x s x s s x
k


          (2.3) 
Note that also 
 
  1
0 0
( ,1, , ) ( ) .
n n
k n k k n
k k
n n
p n k x s s x s s x
k k

 
                (2.4) 
 
b) For 2m   the table  ( ,2, )a n j begins with 
 
 
If you are familiar with the sequence of Lucas polynomials ( , )nL x s whose first terms are 
 
you will guess that  ( ,2, )a n j  is a coefficient of ( , ).nL x s  
The Lucas polynomials can be defined by 
 
2 2 2
2
0
4 4( , ) .
2 2
nn n
k n k
n
k
n kx x s x x s nL x s s x
k n k
    

                          
They satisfy the recurrence 1 2( , ) ( , ) ( , )n n nL x s xL x s sL x s    with initial values 0( , ) 2L x s   and 
1( , )L x s x  and the identity 
 ( , ) ,n nnL x y xy x y     (2.5) 
 which immediately implies  
 
2
2
1
0
( ,2, , ) ( , ) ( 1) .
n
k k n k
n
k
n k np n x s L x s s x
k n k
    

           (2.6) 
 and 
2
2
1
( 1) ( 1) ( 1) 1
n
n k n k k n
k
n k nx x x x
k n k
    

           
for 1.n   
 
 
 
 
1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1
1 1
1 2 1
1 3 0 1
1 4 2 0 1
1 5 5 0 0 1
1 6 9 2 0 0 1
2, x, 2 s  x2, 3 s x  x3, 2 s2  4 s x2  x4, 5 s2 x  5 s x3  x5, 2 s3  9 s2 x2  6 s x4  x6
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Let us for further use note the generating function of the Lucas polynomials 
 
 2
0
2( , ) .
1
n
n
n
xzL x s z
xz sz
    (2.7) 
 
For the modified polynomials 1( ,2, , )p n x s  there is a well-known analogue of (2.4) 
 
2
1
0
( 2 ,2, , ) .
n
k n
k
n
p n k x s s x
k
   

         (2.8) 
 
 
To prove this let 
2 4
2
x x s    and 
2 4 .
2
x x s    
Then  
   2 2 22 21
0 0 0
( 2 ,2, , ) ( ) .
n n n
k n k n k k n k k k n k
k k k
n n n
p n k x s s
k k k
      
                  
  
                       
If n  is odd then the right-hand side is   .n nx    For n  even the same is true because the term 
2n
n
     occurs only once because of 1(0,2, , ) 1.p x s 
  
 
 
c) For 3m   the first terms of the sequence  1 0( ,3, , ) np n x s   are 
 
 
 
It is easy to guess that this sequence satisfies the recurrence 
 
 1 1 1( 3,3, , ) ( 2,3, , ) ( ,3, , )p n x s xp n x s sp n x s     (2.9) 
 
with initial values 
2 3
1 1 1(1,3, , ) , (2,3, , ) , (3,3, , ) 3 .p x s x p x s x p x s x s     
In order that the recurrence (2.9) remains true for 0n   we have set 1(0,3, , ) 3.p x s   
Further we get 
    33 31 1
0 0
1 ( ,3, , ) 1 ( ,3, , ) 3 2 .n n
n n
xz sz p n x s z xz sz p n x s z xz

 
         
This gives the conjecture 
1 3
0
3 2( ,3, , )
1
n
n
xzp n x s z
xz sz


    
which implies 
1 3 2
0
3 2( 1) 1 2( ,3, 1, )
11 ( 1) 1
n
n
x z xzp n x x z
zx z xz xz xz
          . 
 
By (2.7) the right-hand side is  
0
1 ( , ) .nn
n
L x x z

  
 
3, x, x2, 3 s  x3, 4 s x  x4, 5 s x2  x5, 3 s2  6 s x3  x6,
7 s2 x  7 s x4  x7, 12 s2 x2  8 s x5  x8, 3 s3  18 s2 x3  9 s x6  x9
5 
 
Therefore we get  
 1( ,3, 1, ) 1 ( , ).np n x x L x x    (2.10) 
 
Since 
 2 2 33
0 , 3
21 ( ) ( 1)
1
nn n k n k k n k k n k
n n k n k n
n n k
z x sz z x s z s x
k kxz sz
  
 
                     
 
we get in analogy to (2.6) for 0n   
 
 31
3
2
( ,3, , ) ( 1) .
2
j n j j
j n
n j np n x s x s
j n j


        (2.11) 
 
For 
3 3 3
1
3 3
3 3
3 3
2 3 2
( ,3, , ) ( 1) 2 ( 1)
2 1 2 2
( 1) 2 ( 1) .
1 2
k k n k k k n k
k n k n
k k n k k k n k
k n k n
n k n k
p n x s s x s s x
k k
n k n k n k ns x s x
k k k n k
  
 
 
 
              
                          
 
 
 
 
In analogy to (2.4) and (2.8) we have 
 
 
3
1
0
( 3 ,3, , ) .
n
k n
k
n
p n k x s s x
k
   

         (2.12) 
 
Observe that 1 1 1( ,3, , ) ( 3,3, , ) ( 1,3, , )p n x s sp n x s xp n x s       
We prove (2.12) by induction. It is true for 0n   and 1.n   It is also true for 3n   because 
3 3
1 1
3
(3,3, , ) (0,3, , ) 3 3 .
1
p x s sp x s x s s x       
   If it is true for 1 3n    then  
 
3
1 1 1
0
1 1 1
1 1
( 3 ,3, , ) ( 3 ,3, , ) ( 3 ,3, , )
1
1 1
( 3 ,3, , ) ( 3 3,3, , ) ( 1 3 ,3, , ) .
n
k k k
k k k
k k n
k k
n n n
p n k x s s p n k x s s p n k x s s
k k k
n n
p n k x s sp n k x s s xp n k x s s x
k k
   

                    
                  
  
 
  
  
 
 
 
The first terms of the sequence  2 1( ,3, , ) np n x s   are  
 
Here we guess the recurrence relation 
 
2
2 2 2( 3,3, , ) ( 1,3, , ) ( ,3, , )p n x s sxzp n x s s p n x s     
 
which gives us the generating function 
 
2
2 2 2 3
0
3( ,3, , ) .
1
n
n
xszp n x s z
xsz s z
     (2.13) 
 
 
 
0, 2 s x, 3 s2, 2 s2 x2, 5 s3 x, 3 s4  2 s3 x3, 7 s4 x2, 8 s5 x  2 s4 x4, 3 s6  9 s5 x3
6 
 
Since 
2 2 2 2 3
, ,
( ) ( ) ( )
2
n n n k k n k n k n k n k n j n j
n n k n k n j
n n n j
sz x sz sz s z x s z x z s x
k k j n
                            
we get 
 
 2 32
3 2
( ,3, , ) .
2 3
j n j
j n
n j np n x s s x
n j n j


        (2.14) 
This follows from 
2 4 3 2 3
2
2 3 2 3 2 3
2
( ,3, , ) 3
2 3 4 2 3
1
3 .
2 3 1 2 3 2 3
j n j j n j
j j
j n j j n j j n j
j j j
n j n j
p n x s xs s x s x
n j n j
n j n j n j ns x s x s x
n j n j n j n j
  
  
              
                         
 
  
 
 
 
From (2.13) we conclude that 
2
2 2 2 3 2
0
3 ( 1) 1 2( ,3, 1, ) .
1 ( 1) 1 1
n
n
x x z xzp n x x z
x xz x z xz xz xz
              
 
This gives  
 12 ( ,3, 1, ) ( 1) ( , ).
n n
np n x x x L x x
     (2.15) 
 
Comparing (2.10) and (2.15) we see that  
1
1 2( ,3, 1, ) ( ,3, 1, ) 1 ( 1) ,
n np n x x p n x x x       
i.e. that (1.1) holds for 3.m   
Therefore our guesses were correct and we have seen that 
 
3 2 3 1
3 3 2
2
( 1) ( 1) ( 1) 1 ( 1) .
2 32
j n j j n j j n n
j n j n
n j n jn nx x x x x
j n jn j n j
  
 
                    (2.16) 
 
 
Before we consider the general case let us make some observations. 
As we have seen we get some information about the coefficients ( , , )a n m j  by obtaining recurrence 
relations for the polynomials ( , , , ).kp n m x s  
If a sequence ( )a n  satisfies the homogeneous linear recurrence 
0
( , ) ( ) 0
m
k
b n k a n k

    then we call 
0
( ) ( , )
m
k
k
c z b n k z

   a characteristic polynomial of the recurrence relation. Note that ( )c z  is unique 
up to a multiplicative constant. 
 
Let      
0
( ) ( ) 1 (1) 1 (2) 1 ( )
d
k
k
f z v k z z z d z  

       with ( ) 0j   for all .j  
Then Newton’s formula computes the power sums 
1
( ) ( )
d
n
i
pot n i

  in terms of the coefficients 
( )v k  as  
 
1
0
( ) ( ) ( ) 0.
n
j
v j pot n j nv n


    (2.17) 
7 
 
In particular we see that the sequence   1( ) npot n   satisfies the recurrence relation 
 
0
( ) ( ) 0
d
j
v j pot n j

   (2.18) 
for .n m  
 
Thus the characteristic polynomial of this recurrence is the reflected polynomial  
    
0
( ) ( ) (1) ( )
d
j
j
c z v d j z z z d 

       (2.19) 
Let now ( )c z  be the characteristic polynomial of the recurrence of the power sums 
1 ( )
nd
j
b
j
     for 
some constant .b  
 
Then 
 ( )( ) .
( )
dz bc z c
v d z
       (2.20) 
 
This follows from 
 
 
   1 (1) ( )
(1) ( ) ( )
( ) (1) ( ) .
( )
d
b bz z z b d z b
d v d
z b b d
v d z z
  
 
             
            
 

 
 
 
 
3. Proof of Lemma 1 
 
Using the concept of invariant polynomial I give a more direct approach to Lemma 1. 
 
a)  Let  1,
0
( , ) 1 1 .
n
j mj
n m
j
f x s x s 

      
We determine the part ( , , , )kp n m x s   of  , ( , )n mf x s  with weight .k  
 
As in [4] we write 
  
1
1 1 ( , , , ) .
m
m
j
xz sz u j m x s z

     (3.1) 
Then      1 1 1
0 0 1 1 0
1 1 1 1 ( , , , ) 1 ( , , , ) .
n n m m n
j mj j j
j j k k j
x s u k m x s u k m x s     
    
           
Therefore we get 
     1 1
0 1 0 1
1 1 1 1 ( , , , ) 1 1 ( , , , ) .
n m n m
j mj j n
j k j k
x s u k m x s u k m x s   
   
            
This implies 
 
    1,
0 1 1
( , ) 1 1 1 1 ( , , , ) ( , , , )
n m m
j mj n
n m k
j k k
f x s x s u k m x s p n m x s 
  
           (3.2) 
if we set 
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  
1 2
1
1 2
1
( , , , ) ( 1) ( , , , ) ( , , , ) ( , , , ) .
k
nk
k k
i i i m
p n m x s u i m x s u i m x s u i m x s
    
  

  (3.3) 
From  
       
1 1
1 1 1 ( , , , ) 1 ( , , , )
m m
mm m m
j j
xz sz x z s z u j m x s z u j m x s z      
 
            
we see that by suitable ordering of the roots ( , , )u j x s  we have 
 
 ( , , , ) ( , , , ).mu j m x s u j m x s    (3.4) 
 
Therefore ( , , , )kp n m x s satisfies 
( , , , ) ( , , , ).m knk kp n m x s p n m x s    
This means that ( , , , )kp n m x s  is the part of , ( , )n mf x s  with weight .k  
 
 
b) The polynomial , ( , )n mf x s has the form 
 ,
( 1)1 1 1
( , ) ( , , , ) ( , , )
kn
mm m
n kn mj j
n m k
k nk k j
m
f x s p n m x s x a n m j x s
    
      
      (3.5) 
for some numbers ( , , ).a n m j  
 
Let i jx s  be of weight .k  This means that i mj kn   or .i kn mj   We must have 0 j n   and 
0 .kn mj n    Therefore ( 1) .k n knj
m m
    
Thus we know that ( , , , )kp n m x s  is of the form 
( 1)
( , , , ) ( , , ) .kn mj jk
k n knj
m m
p n m x s a n m j x y
  
   But (3.2) implies that n jx s  occurs in , ( , )n mf x s if and  
only if 0.j   
This gives  
 1
0
( , , , ) ( , , )n n mj j
nj
m
p n m x s x a n m j x y
 
    (3.6) 
and 
 
 
( 1)
( , , , ) ( , , ) kn mj jk
k n knj
m m
p n m x s a n m j x y
  
   (3.7) 
   
for 1.k  Thus (3.5) is true. 
 
(3.3) implies  1( , , , ) ( 1) (1, , , ) (2, , , ) ( , , , ) .nmnp n m x s u m x s u m x s u m m x s    
Observing (3.1) this gives   
 1( , , , ) ( 1) .m mn nnp n m x s s
    (3.8) 
 
Therefore (3.5) implies (1.1) if we change x  to 1x   and s  to .x  
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Consider for example 6,4 ( , ).f x s  
Here we get 6 6 41(6,4, , ) 6 ,p x s x x s
   12 8 2 12 12 32 (6,4, , ) 3 2p x s x s s    , 18 16 43(6,4, , ) 3 ,p x s x s  
and 24 24 64 (6,4, , ) .p x s x s
   
Therefore 6 2 4 2 3 2 4 66,4 ( , ) 6 3 2 3 .f x s x x s x s s x s s       
It is easily verified that 6 2 4 2 3 2 4 6( 1) 6( 1) 3( 1) 2 3( 1) 1.x x x x x x x x x           
 
 
 
4) Some information about the coefficients ( , , ).a n m j  
 
We first compute 1
1
( , , , ) ( , , , ) .
m
n
j
p n m x s u j m x s

   
By (3.1) we have ( ) 1 .mf z xz sz     
Newton’s formula gives 
 
 1 1 1( , , , ) ( 1, , , ) ( , , , ) 0p n m x s xp n m x s sp n m m x s      (4.1) 
 
for n m  and the initial values  1( , , , ) np n m x s x  for n m  and 1( , , , ) .mp m m x s x ms   
Thus a characteristic polynomial ( ,1, , , )c m x s z  of the recurrence of 1( , , , )p n m x s  is  
 
 1( ,1, , , ) .m mc m x s z z xz s    (4.2) 
 
As has been shown in [1] we have in analogy to (2.6) and (2.11) 
 1
0
( 1)
( , , , ) ( 1) .
( 1)
n
m
j n mj j
j
n m j np n m x s x s
j n m j
    

          (4.3) 
 
This follows from (4.1). It is clear that the initial values coincide and the recurrence relation (4.1) is 
easily verified by comparing coefficients. 
 
The same proof as for (2.12) gives 
 
  1
0
( , , , ) .
n
m
k n
k
n
p n mk m x s s x
k
   

         (4.4) 
 
In [1] it has also been shown that 
 
 1 ( 1)1
( 1)
( 1) ( , , , ( 1) )
( 1)
m m m n mj j
m
m nj
m
n j np n m x s x s
m n mj n j
  


          (4.5) 
 
with characteristic polynomial  
 
 2 1( , 1, , , ) ( 1) .m m m mc m m x s z z s xz s       (4.6) 
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To prove this we see that by (3.3) the characteristic polynomial of the recurrence of the sequence 
1( , , , )mp n m x s  is 
 
 
1
1 2
( ) ( 1) ( ) ( 1) ( 1),1, , , ,1, ,
( 1) ( 1) .
m mm m m m m
m m m m m
z s z s sc m x s z c m s x s
s z s z z
s s xz z

 
                           
    
 
 
Furthermore we get  
1( , , , ) 0mp n m x s   for 1,n m   21( 1, , , ) ( 1) ( 1)m mmp m m x s m s x     , 11( , , , ) .mmp m m x s ms     
 
For n m  (4.6) implies 
 
2 1( , , , ) ( 1, , , ) ( ) ( , , , ) 0.m mp n m x s s xzp n m m x s s p n m m x s         
 
Comparing coefficients we get (4.5). 
 
More generally formula (2.20) implies 
 1
1
( , , , , ) , , , , ( 1) .
m
k
m
m
k
z sc m m k x s z c m k x s
z
s
   
   
       (4.7) 
 
For in this case  
 
 1 2
1 20
( ) ( ) 1 ( , , ) ( , , ) ( , , ) .
k
k
d
k
i i i
k i i i
f z v k z u m x s u m x s u m x s z
   
   

  
Thus ,
m
d
k
      
1
1( ) ( 1)
m m
k kv d s
            and ( 1) .mb s   
In particular we see that the sequences  ( , , , )kp n m x s  satisfy a linear recurrence of order mk
     and 
of no smaller order. 
Except for 1k   and 1k m   we have neither for the polynomials ( , , , )kp n m x s  nor for their 
characteristic polynomials ( , , , , )c m k x s z   explicit formulae which are valid for all m . For 
2 8m   we have computed all characteristic polynomials but found no conjecture for their 
general form. 
 
By substituting    , 1,x s x x   we get   
    1
1
11 ( , , 1, ) 1 ( 1) 1 1 .
1
mm
m
j
zu j m x x z x z xz z xz
z


             
In this case one root (1, , 1, )u m x x  is 1.  
Therefore the characteristic polynomial ( , , , , )c m k x s z  splits into the product of  two polynomials 
with integer coefficients 1( , , 1, , ) ( , , ) ( , , ).k kc m k x x z w m x z w m x z   
The first one has roots  1 1(1, , 1, ) ( , , 1, ) , , 1, )ku m x x u i m x x u i m x x    and the other all products 
   1, , 1, ) , , 1, )ku i m x x u i m x x   with 11 .ki i    This observation proves a conjecture in [2]. 
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For small values of m  it is easy to find the recurrence relations for ( , , , ).kp n m x s  
Since we know that   0( , , , )k np n m x s   satisfies a linear recurrence ( , , , , )c m k x s z  of order mk
     it 
suffices to guess such a recurrence and verify it for small values of .n  
 
For example we guess that 6 4 2 3 2 2 3(4,2, , , ) .c x s z z sz sx z s z s      
Since 6 2 2 3 2 4 3 614,2, , , 1z c x s sz sx z s z s z
z
          and  
15
2 2 3 2 4 3 6 2 2 3 2 4 3 6 16
2
0
(1 ) ( ,4, , ) 2 3 4 6 ( )n
n
sz sx z s z s z p n x s z sz x sz s z s z O z

           
we see that our guess is correct. 
 
It should be noted that ( , , , , )c m k x s z contains the whole information about the polynomials 
( , , , ),kp n m x s  because the polynomials  
1( 1) ( , , , )k kp n m x s
 are the power sums of the reflected 
polynomial 1*( , , , , ) , , , , .
m
kc m k x s z z c m k x s
z
           
By (3.4) we get 
  *( , , , , ) * , , , , .m kc m k ax a s z c m k x s a z  (4.8) 
This means that  
0 ,0
* , , , , ( ) nk mj j n
m nkn j
k m
c m k x s z h j x s z
      
   
for some coefficients ( ).h j  
 
 
5. The original problem revisited 
 
Consider now the linear operators E  and   on the vector space of polynomials defined by 
( ) ( 1)Ef x f x   and ( ) ( ) ( ) ( 1) ( ),f x E I f x f x f x       where I  is the identity 
( ) ( ).If x f x  
Then , ( , )i mf E I   or equivalently 
 
1
( 1)
( 1)1 1
( , , ) ( 1) .
ki
mm
i ki mj j m i i
k ik j
m
E a i m j E I
      
     
        (5.1) 
 
For the polynomials 
x
r
     we have 
k x x kE
r r
           and .
k x x
r r k
            
 
If we apply the operator (5.1) to 
x
r
     we get 
1
( 1)
( 1)1 1
( , , ) ( 1) .
ki
mm
m i
k ik j
m
x i x ki mj x x
a i m j
r r j r r i
     
     
                              
Let now ) .n ihr
m
     
  
Then we get 
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( 1)
1
( 1)1 1
( 1)) ( ) )
( , , ) .) )
m i
ki
mm
k ik j
m
n n
n ih n i h m
m m
n i n ki mj
a i m jn ih n ih jm
m m

    
     
                             
                               
 
 
 
 
 
We multiply this identity by hz and sum over all h  and set 
( , , , , ) .) h
h
n
A n m i z zn ih
m
          


   
Note that this is a finite sum. 
Since 
 
( , , , , )( ) ) ( ) )h m h m m
h h
n n
z z z z A n m i zn i h m n i h m
m m

 
                              
 
 
   
( , , , , )) ( ) )h h k
h h
n ki mj n ki mj
z z z A n ki mj m i zn ih jm n ki mj i h k
m m 
                                     
 
 
   
 
we get 
 
( 1)
1
( 1)1 1
( , , , , ) ( 1) ( , , , , ) ( , , , , )
( , , ) ( , , , , ).
i m m
ki
mm
k
k ik j
m
A n m i z z A n m i z zA n i m i z
a i m j z A n ki mj m i z

    
     
   
   
  
  
Thus we have the main result of [1] and [2]. 
 
Theorem 1 
 
Let 2, 1m i   be integers, n  and   . 
The sequences  
 1( , , , , ) ,h
h
n
A n m i z z z zn ih
m


              


   (5.2) 
satisfy the linear  recurrence of order i  with constant integer coefficients 
 
 
1
1 ( 1) 1
1
1( , , ,1) ( , , , , ) ( 1) ( , , , , ).
m
k m i m
k
k
z p i m E A n m i z z A n m i z
z
   

         (5.3) 
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As an example consider the case 2m  ,  5i   and 0.   
 
The first terms of ( ,2,5,0, )A n z  are 
 
We have 5 31(5,2, ,1) 5 5p x x x x   . 
Therefore ( ,2,5,0, )A n z  satisfies the recurrence 
1( 5,2,5,0, ) 5 ( 3,2,5,0, ) 5 ( 1,2,5,0, ) ( ,2,5,0, ) 0.A n z A n z A n z z A n z
z
            
For 1z   the sequence begins with  
 
and the recurrence reduces to 
 
( 5,2,5,0, 1) 5 ( 3,2,5,0, 1) 5 ( 1,2,5,0, 1) 2 ( ,2,5,0, 1) 0.A n A n A n A n            
The characteristic polynomial of this recurrence is 
 25 3 25 5 2 ( 2) 1 .z z z z z z        
Since the  characteristic polynomials of the recurrence of the Fibonacci numbers 1nF   is 
2 1z z   
and the first 5 terms of the sequence ( ,2,5,0, 1)A n   coincide with 1nF   we have 
1( ,2,5,0, 1) .nA n F    
With other words we have 
 1 ( 1) .5
2
h
n
h
n
F n h

          


 (5.4) 
 
In the same way we get  
 ( 1) .5 2
2
h
n
h
n
F n h

           


 (5.5) 
 
These two curious identities which are due to Issai Schur [5] in a more general form were the 
starting point of my 2001 paper [1]. 
 
References 
 
[1] J. Cigler, Recurrences for some sequences of binomial sums, Sitzungsber. OeAW  
     II (2001), 210:  61-83, electronically available at  
     http://epub.oeaw.ac.at/sitzungsberichte_und_anzeiger_collection?frames=yes 
 
[2] J. Cigler, Some results and conjectures about recurrence relations for certain sequences of  
      binomial sums, arXiv math/0611189 
 
[3]  J.P. D’Angelo, Number-theoretic properties of certain CR mappings, J. Geom. Anal.  
      14(2), 2004, 215-229 
 
[4]  D. Grundmeier, Group-invariant CR mappings, Thesis 2011 
 
[5] I. Schur, Ein Beitrag zur additiven Zahlentheorie und zur Theorie der Kettenbrüche, 
       1917, in Gesammelte Abhandlungen, Bd.2, 117-136, Springer 1973 
1, 1, 2, 3, 6  z, 10  1z  z, 20 
1
z  6 z, 35 
7
z  7 z, 70 
8
z  28 z, 126 
36
z  36 z  z
2
1, 1, 2, 3, 5, 8, 13, 21, 34
